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Fracton topological order hosts fractionalized point-like excitations (e.g., fractons) that have re-
stricted mobility. In this article, we explore even more bizarre realization of fracton phases that
admit spatially extended excitations with restriction on both mobility and deformability. First, we
present exactly solvable lattice quantum frustrated spin models and study their ground states and
excited states analytically. We construct a family tree in which parent models and descendent mod-
els share excitation DNA. Second, with the help of solvability and novel excitation spectrum of these
models, we initiate the first-step of general discussions on quantitative and qualitative properties
of spatially extended excitations whose mobility and deformability are restricted to some extent.
Especially, as a useful viewpoint for understanding such fracton-physics, all excitations are divided
into four mutually distinct sectors, namely, simple excitations, complex excitations, intrinsically
disconnected excitations, and trivial excitations. Several implications in, e.g., condensed matter
physics and gravity are briefly discussed.
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I. INTRODUCTION
A. Mobility and deformability
Hunting for unconventional orders—beyond
symmetry-breaking orders—is one of missions of
modern condensed matter physicists. One of popular
examples of unconventional orders is topological order
that supports nontrivial topological excitations, e.g.,
anyons in the fractional quantum Hall effect [1, 2]. The
creation and annihilation quantum operator of a single
topological excitation in the bulk, e.g., e particle in toric
code model, must be nonlocal. This nonlocality also
leads to robustness of topological order against local
perturbations, partially forming the argument on robust-
ness of topological quantum computation[3]. Meanwhile,
proper local operators can be constructed to spatially
move a topological excitation. Even in a tight-binding
model, a “topologically trivial” electron can locally hop
from site-j to site-i under the local operator ∼ c†i cj .
This property is “free mobility”. Recently, the invalidity
of this seemingly obvious property has been found in
a class of many-body systems that support topological
excitations called “fractons” [4, 5]. If one tries to move
a fracton, extra fractons will be created nearby, causing
unfavorable energy penalty. Quantum mechanically, the
mobility restriction is deeply rooted in the lack of local
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2FIG. 1. The family tree of exactly solvable fracton models in all dimensions. The models are labeled by 4 dimension indexes,
which will be introduced in Sec. IV A. Considering that a model may share a lot of similarities with a lower dimensional model,
a part of exactly solvable models can be organized in a tree diagram. Here every straight line (in either green or red) links
a low dimensional parent model and a high dimensional descendent model. In general, a descendant model may share some
“excitation DNA” with its parent model. For example, a red line means the (i, i+ 1)-type excitations in the parent model are
promoted to (i+ 1, i+ 2)-type excitations in the descendent model (as we shall exemplify in Table. II). Even though, due to the
existence of Ec excitations, the spectrum of a model can still be quite unpredictable, as we shall demonstrate in the following
sections.
operators that act on a one-fracton excited state by
merely changing the fracton’s location. There are two
issues about lack-of-mobility to be clarified. First, in
some sense, this lack of mobility in absence of external
disorders and impurities is more or less similar to the
concept of self-localization phenomenon although the
latter arises in some other strongly-correlated systems,
e.g., in Ref. [6], via very different microscopic origins.
Second, lack of mobility leads to flat energy dispersion
relation, but flat energy dispersion relation is insufficient
for defining a fracton phase. All excitations in the Z2
topological order fixed-point “toric code model” have
flat dispersion but all excitations can be locally moved.
Surprisingly, such stringent restriction on mobility did
not trivialize underlying physics at all. On the contrary,
it has been discovered that mobility restriction leads to
unexpectedly rich quantum phenomena of many-body
physics, dubbed “fracton-physics”. For example, in some
exactly solvable models, ground state degeneracy (GSD)
is not only topological but also dependent on the system
size! More specifically, GSD of some models [7] may grow
exponentially with respect to the length/width/height
of 3D systems, while, mutually orthogonal degenerate
ground states are strictly indistinguishable under any
local measurements. Generally speaking, such many-
body systems possess a part of intrinsic defining prop-
erties of pure topological order1 but the thermodynam-
ical limit of these systems turns out to be quite subtle
1 Hereafter, for avoiding confusion of terminologies, we use “pure
topological order” to denote the well-known concept “topological
order” [1, 2].
and unusual. Such an “unconventional” type of topolog-
ical order, dubbed “fracton topological order” represents
a brand-new line of thinking about strongly-correlated
topological phases of matter, and has been gaining much
attention recently. Researchers have successfully made
connection betwen fracton-physics and vast subfields of
theoretical physics, including glassy dynamics, foliation
theory, elasticity, dipole algebra, higher-rank global sym-
metry, many-body localization, stabilizer codes, duality,
gravity, quantum spin liquid, and higher-rank gauge the-
ory [4, 5, 7–45]. Some of these subfields, from previ-
ous points of view, seem no doubt “orthogonal” to each
other! Being topically related to the present article, ex-
actly solvable lattice models in the literature (e.g., [5, 10–
21, 25, 46]) have been reported in 3D lattice quantum
frustrated spin models of type-I and type-II. In type-I
series, e.g, the X-cube model [5], the low-lying excita-
tion spectrum supports both fractons and “subdimen-
sional particles” whose mobility is free only inside a sub-
space (e.g., straight lines formed by links and flat plane
formed by faces of dual lattice) of 3D cubic lattice. On
the contrary, in type-II series, e.g., the Haah’s code [12],
all topological excitations are fractons. For readers who
are interested but unfamiliar with the rapid progress in
the field of fracton-physics, an up-to-date review in Ref.
[47] is recommended.
Currently, the main stream on the topic of fracton
topological order focuses on particle excitations which are
point-like2. Nevertheless, in addition to particles, being a
striking theoretical progress in condensed matter physics,
2 Just like pure topological order, the geometric shapes of exci-
tations can be properly defined by using continuous spacetime
3spatially extended excitations, e.g., string and membrane
excitations, have been systematically constructed in 3D
and higher dimensional pure topological order [48]. It
should be kept in mind that, higher-dimensional pure
topological order has been analyzed towards a unified
mathematical framework [49–51]. In the presence of spa-
tially extended excitations, plentiful quantum phenom-
ena and microscopic justification have been reported an-
alytically, such as exotic entanglement, symmetry enrich-
ment, adiabatic braiding statistics and topological quan-
tum field theory, and higher-category [49, 50, 52–73].
Therefore, it is quite valuable to move forward to explore
underlying physics of spatially extended excitations that
cannot freely move and deform. With the preparation
and interests from both pure topological order side and
fracton-physics side, it is time to make efforts to study
the highly unexplored marriage of spatially extended ex-
citations and mobility/deformability restriction. Despite
less progress compared to particle excitations, to the best
of our knowledge, there has been one intriguing field-
theoretical analysis on “fractonic lines” in Ref. [40], i.e.,
completely immobile strings. It was claimed that, the
presence of such exotic excitations is tightly related to
sophisticated higher-rank gauge theory and potentially
beneficial to quantum error-correction and quantum stor-
age.
The main results of this article can be summarized
in two aspects. First, we present exactly solvable lat-
tice quantum frustrated spin models in three and higher
dimensions D ≥ 3. All models reduce to the aforemen-
tioned X-cube model once dimensions are lowered to 3D.
But for the definite space dimensions higher than 3D,
there are more than one models. All models form a hi-
erarchical structure of model Hamiltonians. Some repre-
sentative series of models are illustrated in Fig. 1 since a
part of excitations in these models obey simple dimension
reduction rules. In these models, topologically excited
states contain not only fractonic strings [40], but also
more complex variaties as to be discussed in the main
text. Second, motivated by these models, we initiate the
first-step of general discussions on spatially extended ex-
citations whose mobility and deformability are restricted
to some extent. Both qualitative and quantitative prop-
erties in such exotic fracton physics will be discussed.
Along this line of thinking, one challenging problem is to
characterize and classify topological excitations based on
mobility and deformability against local operators. Pic-
torially, a spatially extended object in classical mechanics
may leave its original position via either rigid translation
or elastic deformation. To measure the ability of realiz-
ing these two processes, we introduce respectively “mo-
only after smoothing lattice. For example, m particle in the toric
code model on a square lattice is actually labeled by a plaquette
operator whose eigenvalue is flipped, but can be regarded as a
point-like object once the background lattice is smoothen. It also
means that all geometric structures below the lattice spacing are
invisible.
bility” and “deformability” as mentioned above. Such a
classical scenario looks more complicated than point-like
excitations, which motivates us to carefully examine how
excitations are deformed and moved under local quantum
operators.
Before moving on, we provide some justification for
models in dimensions higher than the physically rele-
vant dimensions of three. Traditionally, it is meaning-
ful to study condensed matter systems only in dimen-
sions of one, two, and three. It seems unreasonable to
go beyond. Nevertheless, research in all dimensions has
been very common, especially in the field of topologi-
cal phases of matter. Organizational principles or math-
ematical structures of topological phases of matter are
often unveiled during the systematic treatment via vary-
ing dimensions. For example, the periodic table of free-
fermion gapped states with symmetry shows interest-
ing periodic behaviors when increasing space dimensions
topological insulators, by the procedure of dimensional
reduction [74–77]. In the group-cohomology construction
of bosonic symmetry-protected topological phases (SPT),
SPTs in higher dimensions can be constructed by SPTs
in lower dimensions via Ku¨nneth formula of cohomol-
ogy theory[78, 79], which is physically discussed via the
“decoration scenario”. Also in SPTs, there exist exotic
dimension-dependent patterns for general response the-
ories of bosonic integer quantum Hall states in all even
(spatial) dimensions and bosonic topological insulators
in all odd (spatial) dimensions [80]. There are also in-
teresting discussions on anomalous topological phases of
matter in 3D [63, 65, 81, 82]. Quantum anomaly of these
states is expected to be canceled by 4D bulk states. [83]
studies how to realize interacting topological insulators
with synthetic dimensions and [84] proposes a 4D ex-
actly solvable SPT model beyond cohomology. The last
example is the general theory of topological order in all
dimensions [51] which has also been mentioned above.
B. Sectorization of Hilbert space
Among many properties of spatially extended excita-
tions, in this article, we focus on mobility and deformabil-
ity under local operators. In the long-wavelength limit,
we demand that the size of spatially extended excitations
is sufficiently large compared to correlation length. All
local operators are supported in the space whose size is
much smaller than the excitation size such that topol-
ogy of configuration space in the presence of excitations
(e.g., defects) keeps unaltered under local operators. We
find that the Hilbert space of models that support frac-
ton topological order can be divided into four sectors, as
shown in Fig. 2. I incooporates all trivial excited states
e.g., local spin flipping, including ground states them-
selves as well. Trivial excitations can be created by local
operators above the ground states. The remaining three
sectors are three mutually distinct classes of topological
excitations: simple excitations Es, complex excitations
4FIG. 2. Sectorization of Hilbert space. It is guaranteed that
two excitations belonging to two different sectors definitely
cannot be changed to each other by any local operators.
Ec and (intrinsically) disconnected excitations Ed. Below
we shall define Es,Ec,Ed.
Let us first assume geometric shape of excitations is
connected. At infrared scales where lattice has been
smoothen (see footnote 2), simple excitations denoted by
Es have manifold-like shape, e.g., point-like, string-like,
membrane-like. All these excitations, once withdrawing
the restriction on mobility and deformability, can appear
in pure topological order [49, 50]. Mathematically, all
these geometric structures can be locally regarded as a n-
dimensional Euclidean space (see Page 219 of Ref. [85]),
where n = 0 for points (i.e., particles), n = 1 for strings,
n = 2 for membranes, · · · . In order to characterize sim-
ple excitations in a unified framework, in the present ar-
ticle, we introduce a pair of integers (n,m). Here, m
denotes the dimension of the subspace where excitations
can freely move and deform3. Therefore, fractons are
simply labeled by (0, 0). Likewise, a string excitation
whose mobility and deformability are allowed within a
plane is a (1, 2)-type excitation. Obviously, if m = D,
then such excitations are actually mobile and deformable
in the whole D-dimensional space, which exactly covers
all excitations in pure topological order.
On the other hand, for complex excitations denoted
by Ec, physical properties of both geometric shapes and
mobility are entirely different from the above description
of simple excitations. The physical characterization (e.g.,
creation operators, excitation energy, fusion rules, mobil-
ity) is far more intricate than that of simple excitations.
When we consider the connected configurations of exci-
tations, the shapes of complex excitations can only be
non-manifold-like [85], so a pair of number (n,m) is no
longer a good label. And consequently, the description
of mobility and deformability becomes more complicated.
But it is definite that any point-like excitations cannot
belong to Ec since a point is always a manifold. The first
example of Ec that we will introduce in the main text is
3 Obviously, m is insufficient to uniquely label a general sub-
space. For example, it is reasonable to consider a model where
a string excitation is movable and deformable inside a certain
solid torus. Nevertheless, we only focus on the simplest situ-
ation: for dimension-m, the subspace is a stacking of infinite
parallel straight lines (m = 1), flat planes (m = 2), · · · .
dubbed “chairon” due to its “legless chair-like” shape as
shown in Fig. 7(b). More complicated examples such as
“yuons”, “xuons” and “cloverions” will be discussed in
the main text associated with Fig. 8 and Fig. 10.
Simple excitations and complex excitations defined
above are restricted to geometrically connected shapes.
Nevertheless, we should naturally generalize these defi-
nitions in order to incorporate some excited states with
disconnected pieces. For disconnected shapes, excitations
(more precisely “excited states”) can be divided into two
subclasses: Ed and E˜d. The shapes of all excitations in
Ed are said to be “intrinsically disconnected”: there is no
way to fuse disconnected pieces to connected shapes due
to restrictions of mobility and deformability. To some
extent, the existence of Ed is a hallmark of fracton topo-
logical order. On the contrary, all excitations in E˜d can
always be fused into excitations with connected shapes of
either manifold-like or non-manifold-like4. In this sense,
all excitations in E˜d can be fully covered by either I, Es
or Ec. If non-manifold-like shape is the only option of
fusions, the excitation with disconnected shape is said to
be in Ec sector. In short, we do not separately consider
E˜d in Fig. 2. Applying this sectorization of Hilbert space
to the three-dimensional X-cube model can be found in
Sec. III B.
In summary, the Hilbert space (eigenstate spectrum)
can be divided into four sectors. In a certain sector, all
excitations, after being moved and deformed by arbitrary
local operators, always stay inside the sector. In other
words, it is impossible to change one excitation in a given
sector, via local operators, to another excitation in an-
other sector. We will see in this article, this sectorization
scheme is very useful in fracton-physics of spatially ex-
tended excitations.
C. Exactly solvable models
In the main text of this article, we discuss the fracton
physics of spatially extended excitations through exactly
solvable models. Since there are some additional tunable
degrees of freedom within the same spatial dimension D,
we find that at least four dimension indices (note: D is
included) are necessary to label a model. In the follow-
ing part of this article, we will use a tuple [dn, ds, dl, D]
with a series of constraints required by exact solvability
conditions. Technical details of each integer will be given
in the main text. For D = 3, [0, 1, 2, 3] is the only model
that is exact solvable. In fact, this 3D model is nothing
but the standard X-cube model [8].
While there are usually more than one models for a
more general D, we first pick a typical model series—
[D − 3, D − 2, D − 1, D]—to systematically unveil ex-
4 In this article, we only consider the simplest fusion process: out-
put channel is unique.
5otic properties of spatially extended excitations with re-
stricted mobility and deformability. The model-[0, 1, 2, 4]
has similar simple excitation contents as 3D X-cube
model. But the model-[1, 2, 3, 4] supports a very fruitful
topological excitation spectrum with all three non-trivial
sectors, which will be studied in details in the main text.
Some other models, such as [1, 2, 3, 5] will also be stud-
ied in which chairons, xuons and cloverions are found.
We finally provide a family tree in Fig. 1 to summarize
some models that share similar properties of excitations.
Several interesting rules are found and summarized as a
family tree according to the relation of excitation spec-
trum between parent models and descendent models (see
the caption for details).
Some examples are summarized in Table I. It is ob-
vious from the table that pure topological order only
supports topological excitations in Es with the label
(n,m) = (n,D). For example, in pure topological or-
der represented by 3D toric code model, point-like and
string-like excitations are labeled by (0, 3) and (1, 3) re-
spectively, both of which belong to Es sector. On the
other hand, fracton topological order support more than
that. X-cube model supports topological excitations of
Es and Ed sectors while some models constructed in this
article support all possible sectors.
D. Outline
The remainder of this article is organized as follows. In
Sec. II, we introduce geometric notations that are nec-
essary to symbolize derivations in hyper-cubic lattices.
With the help of these notations, all derivations are trans-
formed into a computable algebraic way.
In Sec. III, we discuss a series of models called “[D −
3, D − 2, D − 1, D] models”. A general introduction of
the series is given in Sec. III A, while the X-cube model
introduced in Sec. III B has been naturally incorporated
in this series and labeled by [0, 1, 2, 3]. For beginners of
fracton-physics, it is highly recommended to go through
the X-cube model where some notations and physics are
useful for later discussions. In Sec. III C and Sec. III D,
we work out the model-[1, 2, 3, 4] that exemplifies the con-
struction of spatially extended excitations of both “sim-
ple” and “complex” categories. In this model, simple
excitations are composed by fractons labeled by (0, 0),
volumeons labeled by (0, 3), and strings labeled by (1, 2)
with 6 flavors. Complex excitations of this model are
chairons and yuons. Considering that in pure topologi-
cal orders excited states with separated loops are rarely
discussed, Sec. III E is devoted to a detailed discussion of
such states, as now they are of great importance to un-
derstand the bizarre behavior of [D− 3, D− 2, D− 1, D]
models. The construction of general (i, i + 1)-type exci-
tations and its possible relationship with gravity is also
presented in Sec. III F.
In Sec. IV, we present a general procedure to produce a
whole class of exactly solvable lattice models for fracton
topological order in all dimensions D ≥ 3. Each model
is labeled by four integers [dn, ds, dl, D], which means
that the above model series [D − 3, D − 2, D − 1, D] is
just a tip of iceberg of model family. The construction
and general discussion of the whole model family is pre-
sented in Sec. IV A, and a family tree based on similarity
of excitation spectrum is drawn in Fig. 1 in Sec. IV B.
In Sec. IV C and Sec. IV D we concretely discuss the
model-[1, 2, 3, 5], while the model-[0, 1, 2, 4] is also dis-
cussed briefly in Sec. IV C. Many examples of complex
excitations, like β-chairons, cloverions and xuons are an-
alyzed in details.
Sec. V is devoted to concluding remarks. Several re-
lated problems are presented for the future investigation.
II. PRELIMINARIES OF GEOMETRIC
NOTATIONS
A. Coordinate system and definition of n-cube
In this article, we’re mainly interested in the high di-
mensional models, so it’s highly desirable to define and
unify a group of notations for describing high dimen-
sional objects. First, we introduce “n-cube”. It is n-
dimensional analog of a common “cube”, and we use the
symbol γn to denote an n-cube. Some simple examples
are shown in Fig. 3. In other words, 0-cube, 1-cube and 2-
cube are respectively a lattice site, a link and a plaquette.
Without loss of generality, we set the hypercubic lattice
with periodic boundary condition to be D-dimensional
with lattice constant a = 1. Therefore, we can refer to
every n-cube in the lattice by a unique Cartisian coor-
dinate, which is the coordinate of the geometric center
of γn. Obviously, the coordinate representation of γn is
composed by n half-integers and (D − n) integers. For
example, a usual vertex is a 0-cube. In the remainder
of this article, we may simply use the coordinate of an
n-cube to refer to the n-cube itself, since the coordinate
can uniquely label an n-cube.
In D-dimensional lattice, there are D orthogonal
directions: xˆ1, xˆ2, · · · , xˆD. For a specific γdn =
(x1, x2, . . . , xD), the set Ciγdn is a collection of (D − dn)
orthogonal directions along which the coordinates of γdn
are integer-valued. Likewise, the set Chγdn is composed
by dn directions along which γdn has half-integer coor-
dinates. For example, in 3D cubic lattice, for plaquette
(i.e. 2-cube) γ2 = (
1
2 ,
1
2 , 0), we have Ciγ2 = {xˆ3} and
Chγ2 = {xˆ1, xˆ2}.
B. Leaf spaces associated with a given cube
In addition to the notion of n-cube, we also introduce
a useful subspace, namely, dl-dimensional leaf space as-
sociated with a given γdn . By “associated”, we mean
that the γdn must be fully embedded in the leaf space
l, and dl > dn is assumed. Symbolically, we use l =
6TABLE I. Excitations sectors of different models. More details about the excitations in the listed models are respectively given
in Table. IV, Table. VI, Table. VII and Table. VIII. X and × denote existence and nonexistence respectively.
Exactly solvable models I Es Ed Ec
SPT (e.g., cohomological models) X × × ×
Pure topological orders (e.g., 3D toric code models) X X × ×
X-cube model ([0, 1, 2, 3]) X X X ×
[1, 2, 3, 4] X X X X
[0, 1, 2, 4] X X X ×
[1, 2, 3, 5] X X X X
[0, 1, 4, 5] X X X ×
[0, 2, 4, 5] X X X ×
[0, 3, 4, 5] X X X ×
[2, 3, 4, 5] X X X X
1-cube
S1
<latexit sha1_base64="rn3ZD38EpY0rzhLxy HvSs2HbUaY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xyCOBlcwOvTBhdnYzM2tC CJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqH VCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1FipXn/0esWSW3bnIKvEy0gJMtR6xa 9uP2ZphNIwQbXueG5i/AlVhjOB00I31ZhQNqID7FgqaYTan8xPnZIzq/RJGCtb0pC5+ntiQiOtx1F gOyNqhnrZm4n/eZ3UhNf+hMskNSjZYlGYCmJiMvub9LlCZsTYEsoUt7cSNqSKMmPTKdgQvOWXV0mz UvYuypX7y1L1JosjDydwCufgwRVU4Q5q0AAGA3iGV3hzhPPivDsfi9ack80cwx84nz/TDI1+</lat exit>
S2
<latexit sha1_base64="1ligS1oVuLU/51Erv ptteUMpJvg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xyCOBlcwOvTBhdnYzM2tC CJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqH VCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1FipXn+s9Iolt+zOQVaJl5ESZKj1il /dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5mfOiVnVumTMFa2pCFz9ffEhEZaj6P AdkbUDPWyNxP/8zqpCa/9CZdJalCyxaIwFcTEZPY36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5Jm pexdlCv3l6XqTRZHHk7gFM7Bgyuowh3UoAEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8A1JCNfw==< /latexit>
2-cube
0-cube
xˆ1
<latexit sha1_base64="Ofgb4+lMG7RImQYxdYL+03WML2E=">AAAB 8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120y7dTcLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWd gqbu/s7u2XDg6bJk414w0Wy1i3A2q4FBFvoEDJ24nmVAWSt4LRzdRvPXJtRBzd4zjhvqKDSISCUbTSQ3dIMXua9LxeqexW3BnIMvFyUoYc9V7pq 9uPWap4hExSYzqem6CfUY2CST4pdlPDE8pGdMA7lkZUceNns4Mn5NQqfRLG2laEZKb+nsioMmasAtupKA7NojcV//M6KYZXfiaiJEUesfmiMJU EYzL9nvSF5gzl2BLKtLC3EjakmjK0GRVtCN7iy8ukWa1455Xq3UW5dp3HUYBjOIEz8OASanALdWgAAwXP8ApvjnZenHfnY9664uQzR/AHzucP3C yQcQ==</latexit>
xˆ2
<latexit sha1_base64="DEU37XQ 9JcrnCBI++a74dXUv4lw=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4Kk kV9Fj04rGC/ZA2lM120y7dTcLuRCyhv8KLB0W8+nO8+W/ctjlo64OBx3s zzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FBFv oEDJ24nmVAWSt4LRzdRvPXJtRBzd4zjhvqKDSISCUbTSQ3dIMXua9Kq9U tmtuDOQZeLlpAw56r3SV7cfs1TxCJmkxnQ8N0E/oxoFk3xS7KaGJ5SN6I B3LI2o4sbPZgdPyKlV+iSMta0IyUz9PZFRZcxYBbZTURyaRW8q/ud1Ugy v/ExESYo8YvNFYSoJxmT6PekLzRnKsSWUaWFvJWxINWVoMyraELzFl5dJ s1rxzivVu4ty7TqPowDHcAJn4MEl1OAW6tAABgqe4RXeHO28OO/Ox7x1x clnjuAPnM8f3bCQcg==</latexit>
FIG. 3. Some examples of geometric objects n-cube and Sj
embedded in D-dimensional hypercubic lattice.
〈xˆi1 , xˆi2 , · · · , xˆidl 〉 to uniquely denote such a subspace.
Among these dl orthogonal directions, dn ones come from
the set Chγdn . As a result, the remaining (dl − dn) ones
are arbitrarily picked from the set Ciγdn . Therefore, there
are combinatorially
(
D−dn
dl−dn
) ≡ (D−dn)!(dl−dn)!(D−dl)! different
choices of leaf space associated with the given γdn .
It must be noted that, any lattice site inside the leaf
space l has a coordinate with D components since the
lattice site is in fact a point in D-dimensional lattice.
Among D components, dl components are free variables
with orthogonal directions xˆi1 , xˆi2 , · · · , xˆidl , which spans
a dl-dimensional subspace. The remaining (D−dl) coor-
dinate components are fixed and simply equivalent to cor-
responding coordinate components of γdn . Therefore, a
leaf associated with a given γn can be uniquely labeled by
l as long as γdn is specified. For such a leaf l, we can define
a set of orthogonal directions L = {xˆi1 , xˆi2 , · · · , xˆidl },
which will be used later.
Let us apply the above notation to the X-cube model
(to be introduced in Sec. III B). The X-cube model has
foliation structure [7, 22–25], where the leaf space di-
mension dl = 2, and the model dimension D = 3. The
direction index i in Eq. (5) can be also seen as an index
for a leaf space l. For example, when i = x and the ver-
tex is (0, 0, 0) (i.e., a 0-cube), Bx(0,0,0) corresponds to the
nearest four σz’s inside the 〈yˆ, zˆ〉 leaf (i.e., yˆ − zˆ plane
with x = 0). In this manner, for the Hamiltonian in the
form of
HX−cube = −J
∑
{γ3}
Aγ3 −K
∑
{γ0}
∑
l
Blγ0 (1)
which is in fact the standard X-cube model that will be
given in Eq. (5), there are in total
(
3−0
2−0
)
=
(
3
2
)
= 3 dif-
ferent leaf spaces: 〈yˆ, zˆ〉 , 〈xˆ, zˆ〉 , 〈xˆ, yˆ〉 planes associated
with the vertex (0, 0, 0). All of these planes pass through
the vertex (0, 0, 0).
Besides, as higher dimensional leaf spaces shall be used
in the following sections, here it’s also beneficial to give
some examples of leaves in high dimensional models:
Example 1.— In the model-[1, 2, 3, 4] (to be studied in
Sec. III C), the total space dimension D = 4 and the leaf
space dimension dl = 3. For a 1-cube γ1 = (0, 0, 0,
1
2 ),
there are
(
4−1
3−1
)
= 3 leaves associated with it, which
are respectively 〈xˆ1, xˆ2, xˆ4〉, 〈xˆ1, xˆ3, xˆ4〉 and 〈xˆ2, xˆ3, xˆ4〉.
The coordinate component x3 of each lattice site inside
〈xˆ1, xˆ2, xˆ4〉 is 0, which is exactly determined by x3 of γ1.
Example 2.— In the model-[0, 1, 2, 4] (to be studied in
Sec. IV C), the total space dimension D = 4 and the leaf
space dimension dl = 2. For a 0-cube γ0 = (0, 0, 0, 0),
there are
(
4−0
2−0
)
= 6 leaves associated with it, which are
respectively 〈xˆ1, xˆ2〉, 〈xˆ1, xˆ3〉, 〈xˆ1, xˆ4〉, 〈xˆ2, xˆ3〉, 〈xˆ2, xˆ4〉
and 〈xˆ3, xˆ4〉. Both coordinate components x3 and x4 of
each lattice site inside 〈xˆ1, xˆ2〉 are 0, which are exactly
determined by x3, x4 of γ0.
Example 3.— In the model-[1, 2, 3, 5] (to be studied in
Sec. IV C), the total space dimension D = 5 and the leaf
space dimension dl = 3. For a 2-cube γ2 = (0, 0, 0,
1
2 ,
1
2 ),
there are
(
5−2
3−2
)
= 3 leaves associated with it, which
are respectively 〈xˆ1, xˆ4, xˆ5〉, 〈xˆ2, xˆ4, xˆ5〉 and 〈xˆ3, xˆ4, xˆ5〉.
Both coordinate components x2 and x3 of each lattice site
inside 〈xˆ1, xˆ4, xˆ5〉 are 0, which are exactly determined by
x2, x3 of γ2.
Besides, as examples above suggest, the meaning of
the 4 indexes in the 4-tuple notation of models are listed
below:
• The first index dn is the dimension of the dn-cube
where a B-term in the hamiltonian is defined on.
7• The second index ds is the dimension of the ds-cube
where a spin is defined on.
• The third index dl is the dimension of the leaf
spaces.
• The fourth index D is both the dimension of the D-
cube where an A-term in the hamiltonian is defined
on, and the dimension of the whole system.
A more detailed definition is given in Sec. IV.
C. Definition of “nearest” via L1-norm and
L1-distance
L1-distance [86] is a distance function that is different
from the Euclidean distance. In general, since there are
various manners to define the length (a.k.a. norm) of
a vector, and every well-defined length of the difference
between two vectors can be used as a distance, we can
use the L1-norm to give the so-called L1-distance. For
vector v = (x1, x2, ...xd), its L1-norm is given by:
L1(v) = |x1|+ |x2|+ ...|xd|. (2)
Then, by taking the L1-norm of the difference between
two vectors as a distance function, we obtain the L1-
distance between the two vectors. That is to say, for
vector v1 = (x1, x2, ...xd) and v2 = (y1, y2, ...yd), their
L1-distance is given by:
L1(v1, v2) = |x1 − y1|+ |x2 − y2|+ ...|xd − yd|. (3)
In this article, we use L1 distance to define whether two
objects are “nearest”. If an m-cube and an n-cube are
said to be “nearest” to each other, the L1 distance should
be: L1(γm, γn) =
|m−n|
2 when m 6= n. For m = n, we
specially define two n-cubes being nearest if L1(γ
1
n, γ
2
n) =
1.
D. Stacking of cubes: straight string, flat
membrane, and beyond
Moreover, in order to specify a region in hypercubic
lattice, we also need a group of notations to denote “flat”
objects composed by n-cubes, like higher dimensional
analogs of straight strings and flat membranes. Here, we
define a j-dimensional analog of a straight string (in the
original lattice) Sj as a stack of nearest j-cubes where all
the j-cubes share the same coordinates along orthogonal
directions collected in the set Ciγj . The simplest examples
are straight lines S1 and flat membranes S2 as shown
in Fig. 3. In this figure, let us assume D = 3. Then,
Ciγ1 = {xˆ2, xˆ3}, Ciγ2 = {xˆ3}. All 1-cubes (i.e., links) in S1
share same integer-valued coordinates along both xˆ2 and
xˆ3, and all 2-cubes (i.e., plaquettes) in S
2 share same
integer-valued coordinates along xˆ3/. When we need to
specify a Si−1 which is located at the convergence of two
Si, we will also use Ci−1 to refer to it.
In a similar manner, we may define flat geometric ob-
jects in the dual lattice of the original lattice. More con-
cretely, a k-dimensional analog (denoted by Dk) of a flat
membrane in the dual lattice can be defined as a stack
of nearest (D− k)-cubes in the original lattice, where all
the (D − k)-cubes share the same values for coordinates
along orthogonal directions collected in the set ChγD−k .
Alternatively speaking, a Dk is just an Sk if the dual
lattice and original lattice are switched. For instance, A
D2 in 3D space is a connected set of parallel links (i.e.,
1-cubes γ1) all of which share the same Chγ1 . The creation
operator of fractons in the X-cube model is defined on a
D2 in 3D.
Specially, sometimes we may also use Dkp to denote a
stack of nearest p-cubes in the original lattice, where all
the p-cubes share the same values for coordinates along
orthogonal directions collected in the set Chγp ∪ Csiγp . Here
Csiγp is a subset of Ciγp which satisfies |Csiγp | = D − k −
p. Different from the previously defined objects, since
Csiγp is not completely specified, a Dkp can’t be totally
determined by γp, k and p, so additional information is
needed to specify aDkp . For example, in 3D X-cube model
we will use D11, i.e., p = k = 1 and D = 3. Let us consider
a 1-cube γ1 = (
1
2 , 0, 0), so the two sets of orthogonal
directions are fixed: Chγ1 = {xˆ1} and Ciγ1 = {xˆ2, xˆ3}.
Therefore, Csiγ1 = {xˆ2} or {xˆ3}, leading to two choices:
Chγ1 ∪ Csiγ1 = {xˆ1, xˆ2} or {xˆ1, xˆ3}. As a result, there are
two possible directions for stacking 1-cubes in D11, i.e.,
{( 12 , 0, j)|j = 0, 1, 2, · · · } and {( 12 , i, 0)|i = 0, 1, 2, · · · }.
When we need to specify a Dkp in the remainder of this
article, additional information will always be given in the
context.
As for boundaries, the boundary ∂S1 is simply given
by the two endpoints of S1; the boundary ∂S2 is a closed
string; It’s a bit difficult to define the boundary of a
Dk, but the vertices of Dk can be naturally obtained by
regarding Dk as a k-dimensional polytope.
III. [D − 3, D − 2, D − 1, D] MODEL SERIES
A. Construction of [D − 3, D − 2, D − 1, D] models
In this section, we first consider models on a D-
dimensional hypercubic lattice where spins are located
on (D − 2)-cubes instead of links, while keeping the ba-
sic form of X-cube Hamiltonian unaltered. By intro-
ducing a 4-tuple notation, this consideration is called
[D − 3, D − 2, D − 1, D] models. The Hamiltonian of
general form is given by (J > 0 and K > 0 are always
assumed):
HD = −J
∑
{γD}
AγD −K
∑
{γD−3}
∑
l
BlγD−3 , (4)
8where AγD is the product of spin operators σ
x’s located
on the centers of (D − 2) cubes that are nearest5 to
hypercube γD. In this series of models, a B operator
is associated with a dn-cube and a leaf space l with
dn = D − 3 and dl = D − 1. More concretly, BlγD−3
is the product of all σz’s which are not only nearest
to γD−3 but also located inside the leaf l. The num-
ber of leaf spaces associated with each γdn is always(
D−dn
dl−dn
) ≡ (D−dn)!(dl−dn)!(D−dl)! = 3!2! = 3 regardless of D. In the
following subsections, we will concentrate on [0, 1, 2, 3]
and [1, 2, 3, 4] these two models to explore their excita-
tion spectra. Especially there are simple dimension re-
duction rules for simple excitations in this model series
as shown in Fig. 1. The details are collected in Table II.
TABLE II. Typical examples of simple excitations (i.e., Es
sector) in [D − 3, D − 2, D − 1, D] models.
D Excitations labels Creation operators
3
(0, 0)
∏
γ1∈D2
σzγ1
(0, 1)
∏
γ1∈S1
σxγ1
(0, 2)
∏
γ1∈D11
σzγ1
4
(0, 0)
∏
γ2∈D2
σzγ2
(1, 2)
∏
γ2∈S2
σxγ2
(0, 3)
∏
γ2∈D12
σzγ2
5
(0, 0)
∏
γ3∈D2
σzγ3
(2, 3)
∏
γ3∈S3
σxγ3
(0, 4)
∏
γ3∈D13
σzγ3
B. The X-cube model as [0, 1, 2, 3]
The well-understood X-cube model is labeled by
[0, 1, 2, 3] in our notation. As the name suggests, X-cube
model is defined on a cubic lattice, with 1/2-spins sitting
on links. The Hamiltonian is of the form [8]:
HX−cube = −J
∑
c
Ac −K
∑
v
∑
i
Biv (5)
which is alternatively written as Eq. (1) in terms of ge-
ometric notations. Here, the term Ac of a given cube c
consists of the product of the x components (i.e., σx) of
the twelve spins around the cube c; Biv means the product
of σz’s that are (i) inside the 2D plane that is perpen-
dicular to the direction i and (ii) nearest to the vertex
v. The summation of c and v are respectively over all
5 The accurate definition of “nearest” is given in Sec. II C
FIG. 4. Terms in the X-cube Hamiltonian. As shown in the
figure, the Ac term is composed of the 12 spins (σ
x) on the
edges of the cube, while the Bzv term is composed of the 4
spins (σz) on the legs of a vertex. For simplicity, only one of
the 3 Biv terms (i = x, y, z) on the vertex v is shown, while
Bxv =
∏
σz and Byv =
∏
σz are not shown.
cubes and vertices, while the summation of i is over the
three spatial dimensions. The model is shown pictorially
in Fig. 4.
With the σz basis, we can regard the links with σz =
−1 as being “occupied” by strings and the links with
σz = 1 spins as being “unoccupied”. In this manner, the
total Hilbert space can be alternatively represented by
all kinds of different string configurations including both
open and closed strings. Then, by solving the equations
Ac = 1, ∀ c and Biv = 1, ∀ v, with the open boundary
condition, we can directly derive the ground state as |si〉:
|Φ〉 = ∏c 1+Ac√2 | ↑↑↑ . . . ↑〉, where | ↑↑↑ . . . ↑〉 refers to the
state with zero string. In the remainder of this article,
| ↑↑↑ . . . ↑〉 will be used as a reference state frequently.
The ground state of Eq. (5) is dubbed as “cage-net” con-
densation [25]. If we consider the X-cube model on a
3-torus of the size L × L × L, the ground state will be
degenerate, and the ground state degeneracy (GSD) is
given by log2 GSD = 6L−3. The linear term here is also
a significant feature of fracton orders, as it means that
the GSD grows subextensively [7, 8].
Some representative excitations of the X-cube model
are summarized in Table III. In the X-cube model, there
are two most important classes of excitations—lineons
and fractons, which are respectively originated from the
eigenvalue flip of Biv and Ac terms. Let us explain in
details:
• An excited state with one lineon. The Biv = −1 ex-
citations, dubbed “lineons”, are generated by string
operator W (S1) =
∏
γ1∈S1 σ
x
γ1 composed of σ
x
γ1
along the open string S1 which must be absolutely
straight. The point-like excitations at the end-
points of a string are restricted in the line where
the string sits, thus the name “lineons”. In our no-
tation, the end-of-string excitations are (0, 1)-type
point-like excitations and belong to Es. For exam-
ple, if the string S1 is along xˆ-axis, the eigenvalues
of both Byv and B
z
v at each endpoint of S
1 will be
flipped, rendering 2K energy cost. Therefore, there
are in total three “lineons”, denoted by `x, `y, and
`z, where the subscripts denote the directions of
9TABLE III. Typical examples of excitations in [0, 1, 2, 3] model. Simple excitations are labeled by a pair of integers.
Excitations Sectors Flipped stabilizers Creation operators
fracton: (0, 0) Es Aγ3
∏
γ1∈D2
σzγ1
lineon: (0, 1) Es Blγ0
∏
γ1∈S1
σxγ1
connected planeon: (0, 2) Es Aγ3
∏
γ1∈D11
σzγ1
disconnected planeon Ed Aγ3
∏
γ1∈D2
σzγ1
straight lines along which lineons can move.
• An excited state with two spatially separate lineons.
If `x and `y are able to meet at some point, they
fuse into `z which is still a point, a zero-dimensional
manifold. An excited state with these two spatially
separate point-like pieces (i.e., `x and `y) belongs
to E˜d which is, by definitions in Sec. I B, eventually
Es. But `x and `y are unable to meet each other
if the two straight lines do not intersect. If this is
the case, the geometric shape of the excited state
with a pair of `x and `y is intrinsically disconnected.
As a result, such an excited state belongs to Ed
rather than E˜d. Likewise, if there are two `x lineons
which move along two parallel straight lines of x
direction, such an excited state is also in Ed since
the geometric shape (two spatially separate points)
are intrinsically disconnected.
• An excited state with one fracton. In addition to
lineons, the Ac = Aγ3 = −1 excitations correspond
to fractons (i.e. (0, 0)-type excitations) associated
to the cube c. Fractons, as point-like excitaitons,
belong to Es. More precisely, fractons are created
by operators of the form W (D2) =
∏
γ1∈D2 σ
z
γ1 ,
where D2 is an absolutely flat 2-dimensional mem-
brane in the dual lattice. The cubes c’s are located
at the corners of D2, each of which requires J en-
ergy cost. For example, if D2 is simply a rectangu-
lar, there will be four emerged fractons at the four
corners. One can show that fractons are totally im-
mobile. More concretely, moving a single fracton by
applying spin operators will create additional new
fractons nearby.
• An excited state with two fractons. Despite that
fractons are immobile, a pair of two nearby frac-
tons generated by one membrane can move freely in
the 2D plane perpendicular to the link between the
two combined fractons. Thus these pairs, dubbed
“connected planeons”, are identified as (0, 2)-type
excitations in Es sector in our notation when the
component fractons are exactly next to each other.
If the two component fractons are separate, the cor-
responding excitation is called “disconnected pla-
neons” which belong to Ed. Two types of planeons
cannot be changed to each other by local opera-
tors since they belong to different sectors of Hilbert
space.
C. Simple excitations in the model-[1, 2, 3, 4]
In the remainder of this section, we focus on the
model-[1, 2, 3, 4]. In this model, for a specific 4-cube
γ4 = (
1
2 ,
1
2 ,
1
2 ,
1
2 ) and a specific 1-cube γ1 = (0, 0, 0,
1
2 )
respectively, we have6
A( 12 ,
1
2 ,
1
2 ,
1
2 )
=σx(0,0, 12 ,
1
2 )
σx(0,1, 12 ,
1
2 )
σx(1,0, 12 ,
1
2 )
σx(1,1, 12 ,
1
2 )
σx(0, 12 ,0,
1
2 )
σx(0, 12 ,1,
1
2 )
σx(1, 12 ,0,
1
2 )
σx(1, 12 ,1,
1
2 )
σx(0, 12 ,
1
2 ,0)
σx(0, 12 ,
1
2 ,1)
σx(1, 12 ,
1
2 ,0)
σx(1, 12 ,
1
2 ,1)
σx( 12 ,0,0,
1
2 )
σx( 12 ,0,1,
1
2 )
σx( 12 ,1,0,
1
2 )
σx( 12 ,1,1,
1
2 )
σx( 12 ,0,
1
2 ,0)
σx( 12 ,0,
1
2 ,1)
σx( 12 ,1,
1
2 ,0)
σx( 12 ,1,
1
2 ,1)
σx( 12 ,
1
2 ,0,0)
σx( 12 ,
1
2 ,0,1)
σx( 12 ,
1
2 ,1,0)
σx( 12 ,
1
2 ,1,1)
,
(6)
and
B
〈xˆ1,xˆ2,xˆ4〉
(0,0,0, 12 )
= σz( 12 ,0,0,
1
2 )
σz(− 12 ,0,0, 12 )σ
z
(0, 12 ,0,
1
2 )
σz(0,− 12 ,0, 12 ),
B
〈xˆ2,xˆ3,xˆ4〉
(0,0,0, 12 )
= σz(0, 12 ,0,
1
2 )
σz(0,− 12 ,0, 12 )σ
z
(0,0, 12 ,
1
2 )
σz(0,0,− 12 , 12 ),
B
〈xˆ1,xˆ3,xˆ4〉
(0,0,0, 12 )
= σz( 12 ,0,0,
1
2 )
σz(− 12 ,0,0, 12 )σ
z
(0,0, 12 ,
1
2 )
σz(0,0,− 12 , 12 ).
(7)
Although the model looks strange at first sight, it is
just a generalization of the 3D X-cube model given by
Eq. (5) and its equivalent form Eq. (1) (another 4D gen-
eralization is the the model-[0, 1, 2, 4], which is discussed
in Sec. IV C). As we can see that once we choose D = 3
in Eq. (4), the model would simply reduce to Eq. (1).
In other words, the X-cube model is the simplest case
in the series [D − 3, D − 2, D − 1, D]. Furthermore, an
AγD always overlaps with a nearest B operator by even
number of spins, as an AγD always covers one of each
pair of spins linked by a nearest γD−3, and a B operator
is composed of 2 such pairs. Therefore, our generalized
6 See the “Example 1” in Sec. II B for an introduction to the leaves
in model-[1, 2, 3, 4].
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(a)A γD−3 in [0, 1, 2, 3] model (b)Graphical representation of
a γD−3 in [0, 1, 2, 3] model
(c)Graphical representation of
a γD−3 in [1, 2, 3, 4] model
(d)Graphical representation of
a γD−3 in [2, 3, 4, 5] model
FIG. 5. Graphical representation of γD−3 in some [D − 3, D − 2, D − 1, D] models. Here, (b) is the graph representation of
the γD−3 = (0, 0, 0) presented in (a). As we can see, in higher dimensions, the graph representation of a γD−3 is completely
the same as in the 3D case: a γD−3 always connects 3 pairs of γD−2, which means 3 pairs of spins in [D − 3, D − 2, D − 1, D]
models.
models are still exactly solvable. Fig. 5 gives a graph
demonstration.
The ground state configuration must satisfy the
following conditions: AγD |φ〉 = |φ〉, BlγD−3 |φ〉 =
|φ〉 ,∀ γD, γD−3, l,. Topological excitations appear in
the region where one or a proper combination of these
conditions is violated. In the σz basis, we can regard the
ground states as condensations of “D-cage nets”, where
“D-cage” is the D-dimensional analog of the “cage” pro-
posed in Ref. [25]. When the boundary of the system
is open, we can obtain the ground state wave func-
tion as the equal-weight superposition of all D-cages:
|Φ〉 = ∏γD 1+AγD√2 | ↑↑↑ . . . ↑〉. Here | ↑↑↑ . . . ↑〉 is a
reference state where spins are all upward along z-axis.
Next, we move on to the excitation spectrum of the
model Hamiltonian given by Eq. (4). We shall begin
with the energy cost of “simple excitations”. When the
lattice constant a goes to 0, these excitations will look
like some connected manifolds, like points, strings, mem-
branes and so on. Elementary introductions to manifold
can be found on Page 219 of Ref. [85].
Analogous to the original X-cube model, the most rep-
resentative simple excitations in the model-[1, 2, 3, 4] can
be classified into two classes: (0, 0)-type excitations and
(1, 2)-type excitations. The former are excited by oper-
ators W (D2) =
∏
γ2∈D2 σ
z
γ2 , resulting in eigenvalue flip
(i.e., 1 −→ −1) of Aγ4 for γ4’s at the corners of the D2.
The latter are excited by W (S2) =
∏
γ2∈S2 σ
x
γ2 , resulting
in eigenvalue flip (i.e., 1 −→ −1) of Blγ1 for γ1’s along
∂S2. For the sake of convenience, we will use the expres-
sions A = −1 and B = −1 to describe such eigenvalue
flip. The general definition of the notations D2 and S2
can be found in Sec. II. Starting from the next subsection,
we will discuss the excitation spectrum of this model sys-
tematically. Some excitations are collected in Table IV.
1. (0, 0)-type point-like excitations (fractons)
Firstly, let’s consider the (0, 0)-type excitations, i.e.,
fractons. When we act W (D2) =
∏
γ2∈D2 σ
z
γ2 on the
ground state, the minimal polytope P that envelops all
the spins (σz’s) acted on by W (D2) is 4-dimensional.
Obviously, all 4-cube operators Aγ4 inside P will contain
even number of σx’s that are acted on by W (D2), which
keeps eigenvalues of all such operators Aγ4 unaltered, i.e.,
Aγ4 = 1 for γ4 ∈ P . Nevertheless, for all γ4’s that sit on
the corners (i.e., vertices of D2) have only one spin per
γ4 that is acted on by W (D
2), which flips the eigenvalue
of these Aγ4 , i.e., Aγ4 = −1 for such γ4’s.
For example, we can apply W (D2) =
∏
γ1∈D2 σ
z
γ1
on the ground state, where, according to the defini-
tion in Sec. II, D2 = {(i, j, 12 , 12 )|i, j = 0, 1, · · · , L}.
Geometrically, D2 forms a square of L × L, L ∈ Z.
For any hypercube (m + 12 , n +
1
2 ,
1
2 ,
1
2 ), where m,n =
0, 1, 2, . . . , L − 1, there are always four spins located at
respectively (m,n, 12 ,
1
2 ), (m + 1, n,
1
2 ,
1
2 ),(m,n + 1,
1
2 ,
1
2 )
and (m + 1, n + 1, 12 ,
1
2 ) that are acted on by W (D
2).
Therefore, the associated operators Aγ4 have their eigen-
values unchanged , i.e., Aγ4 = 1. Only for the 4-cubes
at the corners, like γ4 = (− 12 ,− 12 , 12 , 12 ), there is just one
spin per γ4 acted on by W (D
2), thus Aγ4 = −1 (i.e., we
can say the operator is excited). As a result, it’s straight-
forward to conclude that these excitations are of (0, 0)-
type, as any movement of such an excitation will create
more corners associated with additional excitations and
energy cost. See Fig. 6(a) for a schematic demonstration.
2. (0, 3)-type point-like excitations (connected volumeons)
In the model [1, 2, 3, 4], a pair of two fractons at two
neighbouring corners of a membrane in the dual lattice
are not a planeon anymore. Instead, these pairs become
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TABLE IV. Typical examples of excitations in the model-[1, 2, 3, 4]. Note: excitations in Sec. III E are collected separately in
Table V.
Excitations Sectors Flipped stabilizers Creation operators
fracton: (0, 0) Es Aγ4
∏
γ2∈D2
σzγ2
(1, 2) Es Blγ1
∏
γ2∈S2
σxγ2
connected volumeon: (0, 3) Es Aγ4
∏
γ2∈D12
σzγ2
chairon Ec Blγ1
∏
γ2∈S2I
σxγ2
∏
γ2∈S2II
σxγ2 ,
where ∂S2I ∩ ∂S2II = C1 6= ∅
yuon Ec Blγ1
∏
γ2∈S2I
σxγ2
∏
γ2∈S2II
σxγ2
∏
γ2∈S2III
σxγ2 ,
where ∂S2I ∩ ∂S2II ∩ ∂S2III = C1 6= ∅
disconnected volumeon Ed Aγ4
∏
γ2∈D2
σzγ2
“volumeons” for an observer in a 4D world. While it
should be noticed that such a pair in general can belong
to either Es sector or Ed sector, and here we only con-
sider the Es-type pair in which two γ4 associated with
the two fractons are nearest to each other, so we can la-
bel it by (0, 3). This excited state is called “connected
volumeons”, analogous to “connected planeons” in Ta-
ble III. For instance, we can consider acting the open
string operator W (D12) =
∏
γ2∈D12 σ
z
γ2 on the ground
state, where D12 = {(0, i, 12 , 12 )|i = 0, 1, 2, 3, . . . L−1, L}.7
After that, in the neighborhood of an endpoint of the
D12, e.g., (0, 0,
1
2 ,
1
2 ), there are two nearest 4-cube opera-
tors Aγ4 with γ4 = (− 12 ,− 12 , 12 , 12 ) and γ4 = ( 12 ,− 12 , 12 , 12 )
whose eigenvalues are flipped. These two 4-cubes form
a pair of nearest fractons, whose energy is 2J . Define a
vector r connecting the two 4-cubes: r = ( 12−(− 12 ),− 12−
( 12 ),
1
2 − 12 , 12 − 12 ) = (1, 0, 0, 0). Then, the pair of fractons
can be regarded as a dipole whose moment point in the
direction r, i.e., xˆ1.
For the issue of mobility, let us attempt to act
σz
(0,− 12 ,0, 12 )
to move the pair out of the line where the
string is located at. As we can see, since σz
(0,− 12 ,0, 12 )
flips
the sign of Aγ4 for γ4 ∈ {( 12 ,− 12 , 12 , 12 ), (− 12 ,− 12 ,− 12 , 12 ),
( 12 ,− 12 ,− 12 , 12 ), (− 12 ,− 12 , 12 , 12 )}, σz(0,− 12 ,0, 12 ) can move
the pair along xˆ4 direction. Since (0,− 12 , 0, 12 ) and
(0,− 12 , 12 , 0) are symmetric about the string, the pair can
also be moved along the xˆ3 direction. As a result, the
mobility of the pair is restricted in the 3-dimensional leaf
space 〈xˆ2, xˆ3, xˆ4〉 with x1 = 0.
7 Here “string” means that all spins acted on by the operator form
an open string. The precise definition of D12 is given in Sec. II).
3. (1, 2)-type string excitations of 6 flavors
Next we consider excitations associated with flipped
eigenvalues of Blγ1 . For each γ1, there are three associ-
ated leaves labeled by l. We find that there are 6 flavors
of (1, 2)-type excitations— string excitations8 that are
created and moved within a certain plane only, i.e., xˆ1-
xˆ2, xˆ1-xˆ3, xˆ1-xˆ4, xˆ2-xˆ3, xˆ2-xˆ4, and xˆ3-xˆ4. An example is
given in Fig. 6(b) (see also Fig. 7(a)). We use the symbol
“(1, 2)xˆi,xˆj” with two integers 1 ≤ i < j ≤ 4 to specify
flavors.
More concretely, let us apply an open membrane oper-
ator W (S2) =
∏
γ2∈S2 σ
x
γ2 on the ground state. For γ1’s
at the interior of S2, by noting that there always exists
exactly one pair of spins linked by each γ1 being acted on
by W (S2), the associated operators Blγ1 will keep their
eigenvalues (i.e., B = 1) unaltered after W (S2) is ap-
plied. Only for γ1 ∈ ∂S2, i.e., γ1’s that form the bound-
ary of S2, the eigenvalues of the associated operators Blγ1
will be flipped, i.e., B = −1, as shown in Fig. 6(b). That
is to say, these Blγ1 operators with flipped eigenvalues
constitute string excitations, of which the energy cost
(i.e., excitation energy) is proportional to the length of
the string.
Analogous to X-cube model, W (S2) here can be clas-
sified into 6 “flavors” according to 6 different planes (i.e.,
xˆ1-xˆ2, xˆ1-xˆ3, xˆ1-xˆ4, xˆ2-xˆ3, xˆ2-xˆ4, and xˆ3-xˆ4) where S
2 is
located, and W (S2) of different flavors will flip different
combinations of Blγ1 ’s. In general, after applying W (S
2)
with S2 being inside the xˆi-xˆj plane, there will be ex-
actly two flipped Blγ1 terms at each γ1 along ∂S
2, i.e.,
B
〈xˆi,xˆj ,xˆk〉
γ1 and B
〈xˆi,xˆj ,xˆh〉
γ1 . Here i, j, k, h ∈ {1, 2, 3, 4}
and i, j, k, h are all different from each other. For ex-
ample, by acting W (S2) on the ground state, where
8 Both words “string” and “loop” will be used for the name of such
excitations.
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(a)Fractons in [1, 2, 3, 4] model
(b)A closed string excitation in [1, 2, 3, 4]
model
FIG. 6. Fractons and string excitations in the model
[1, 2, 3, 4]. (a) demonstrates the distribution of fractons ex-
cited by W (D2) =
∏
γ2∈D2 σ
z
γ2 . Flipped spins sitting on 2-
cubes represented by dots are distributed on the sites of a
2-dimensional array, which is exactly the D2. The red dots at
the corners of the D2 refer to the spins that are nearest to an
excited nearest 4-cube operator Aγd , and the blue dots refer
to the spins whose nearest Aγd ’s are not excited at all. In
(b) the blue plaquettes label untouched spins while the grey
plaquettes label the spins on which W (D2) acts. The string
excitation as the domain wall is highlighted with red lines.
S2 = {(n + 12 ,m + 12 , 0, 0)|m,n = 0, 1, 2, . . . , L − 1}, for
an arbitrary γ1 along the boundary of S
2, the eigenval-
ues of both B
〈xˆ1,xˆ2,xˆ3〉
γ1 and B
〈xˆ1,xˆ2,xˆ4〉
γ1 will be flipped. As
a result, we find that the energy cost of this string ex-
citation labeled by (1, 2)xˆ1,xˆ2 in the model-[1, 2, 3, 4] is
2KL, where L is the length of the string. Before moving
forward, let us summarize the “stabilizers” whose eigen-
values are flipped for (1, 2)-type excitations of each flavor
(γ1 ∈ ∂S2):
• (1,2)xˆ1,xˆ2 : B〈xˆ1,xˆ2,xˆ3〉γ1 and B
〈xˆ1,xˆ2,xˆ4〉
γ1 (note: an ex-
ample is given in Fig. 7(a).)
• (1,2)xˆ1,xˆ3 : B〈xˆ1,xˆ2,xˆ3〉γ1 and B
〈xˆ1,xˆ3,xˆ4〉
γ1
• (1,2)xˆ1,xˆ4 : B〈xˆ1,xˆ2,xˆ4〉γ1 and B
〈xˆ1,xˆ3,xˆ4〉
γ1
• (1,2)xˆ2,xˆ3 : B〈xˆ1,xˆ2,xˆ3〉γ1 and B
〈xˆ2,xˆ3,xˆ4〉
γ1
• (1,2)xˆ2,xˆ4 : B〈xˆ1,xˆ2,xˆ4〉γ1 and B
〈xˆ2,xˆ3,xˆ4〉
γ1
• (1,2)xˆ3,xˆ4 : B〈xˆ1,xˆ3,xˆ4〉γ1 and B
〈xˆ2,xˆ3,xˆ4〉
γ1
For the issue of mobility and deformability, the string
excitation has a novel property here: it is restricted in
the 2D plane where S2 lies. Without loss of generality,
as shown in Fig. 7, let us try to move the string exci-
tation out of the plane where S2 lies, by folding S2 in
xˆ1− xˆ2 plane into S2I in xˆ1− xˆ3 plane and S2II in xˆ1− xˆ2
plane. The crease line denoted by C1 is along xˆ1 di-
rection. Nevertheless, this process will cost additional
energy localized along C1. Therefore, moving or deform-
ing the (1, 2)-type excitation out of the original plane is
forbidden. Alternatively speaking, folding the loop in (a)
only results in the state in (b) which is not a single loop
state, thus deformation out of plane is forbidden. So,
what does free deformation look like? In a pure topo-
logical order, a loop in (a) can be sent to (c) by local
operators such that the loop gradually evolves into xˆ1-xˆ2
plane without any obstruction. In Sec. III D, we will see
that the excited state represented by Fig. 7(b) actually
belongs to Ec sector.
But can the string excitation move and deform freely
within the plane where it is located? It is easy to see
that by applying W (S2) one can change the geometric
shape of the string within the same plane. Moreover,
no additional energy cost is required as long as the total
length L is unchanged. In this sense, the string excitation
can move and deform freely within a 2D subspace, so
that such string excitations in our notation are labeled
by (1, 2). For instance, let us apply
W (S2I ) =
∏
γ2∈S2I
σxγ2 (8)
on the ground state, where S2I = {(n + 12 ,m +
1
2 , 0, 0)|m,n = 0, 1, 2, . . . , L−1}. For an arbitrary 1-cube,
say ( 32 , 1, 0, 0) inside S
2
I , we can easily check that W (S
2
I )
acts on two nearest spins at ( 32 ,
1
2 , 0, 0) and (
3
2 ,
3
2 , 0, 0),
so there will be no excited Bl
( 32 ,1,0,0)
. While for γ1 =
( 12 , 0, 0, 0) on the boundary of S
2
I , since W (S
2
I ) only acts
on one nearest spin (at ( 12 ,
1
2 , 0, 0)), so two B
l
( 12 ,0,0,0)
terms will be excited. Immediately after applying W (S2I )
on the ground state, we apply
W (S2II) =
∏
γ2∈S2II
σxγ2 , (9)
where S2II = {(h + 12 , 0, k + 12 , 0)|h, k = 1, 2, . . . , L − 1}.
For γ1 = (
1
2 , 0, 0, 0) ∈ ∂S2I ∩ ∂S2II , there will be still two
excitedBl
( 12 ,0,0,0)
terms, which are respectivelyB
〈xˆ1,xˆ2,xˆ4〉
( 12 ,0,0,0)
and B
〈xˆ1,xˆ3,xˆ4〉
( 12 ,0,0,0)
.
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(a)A string excitation labeled by
(1, 2)xˆ1,xˆ2
(b)Folding (1, 2)xˆ1,xˆ2 at the price of
additional energy cost along the yellow
crease.
(c)A folded loop in pure topological
orders
FIG. 7. A (1, 2)xˆ1,xˆ2 -type excitation cannot freely escape from the plane xˆ1-xˆ2. (a) A string excitation (marked by the red
line) with restricted mobility and deformability, labeled by (1, 2)xˆ1,xˆ2 . By applying proper local operators, a part of the string
moves to xˆ1-xˆ3 plane but at the unavoidable localized energy price along the crease line in yellow in (b), which leads to the
deformability restriction. Alternatively speaking, the state in (b) is no longer a single-string excitation. It is similar to moving
a single fracton, where the consequence is to arrive at a state with multiple fractons. For comparison, if (a) is produced in pure
topological order, (a) can be deformed to (c) such that the shape of a loop is gradually and freely deformed out of the plane.
D. Complex excitations in the model-[1, 2, 3, 4]
1. Chairons of 12 flavors
In the above discussions, we have analyzed three types
of simple excitations in the model-[1, 2, 3, 4]: fractons
(0, 0), volumeons (0, 3), and strings (1, 2). All these ex-
citations belong to the category of “simple excitations”
(Es) as they are just simple geometric objects like points
and strings. Surprisingly, we find that in the model-
[1, 2, 3, 4], there also exist complex excitations (Ec) whose
geometric structure is quite fruitful and is absent in the
X-cube model in 3D. As mentioned above, the excited
state in Fig. 7(b) is obtained by folding the string excita-
tion (1, 2)xˆ1,xˆ2 at the price of additional energy cost. As a
matter of fact, the resulting shape in Fig. 7(b) with both
red and yellow lines can be considered as a complex ex-
citation. It is called “chairon” due to its “chair” shape.
As the chairon example in Fig. 7(b) demonstrates, the
most remarkable feature of complex excitations is that
the energy is not distributed along manifold-like objects.
For instance, when we consider a convergence of yellow
and red lines in Fig. 7(b), it’s obvious that the bifurca-
tion of lines can’t be homeomorphous to a 1D Euclidean
space [85]. Therefore, we can’t simply label such an ex-
citation by “string” or “loop”, as a result of their non-
manifold nature. Originated from the different flavors of
(1, 2)-type excitations, chairons can also carry different
flavors. By direct calculation, we can find that there are
4 × (32) = 12 flavors of chairons in total in the model-
[1, 2, 3, 4].
Let us focus on the chairon in Fig. 7(b) and concretely
carry out the stabilizer operators whose eigenvalues are
flipped and then discuss its consequences. For all 1-cubes
γ1 along the red line within xˆ1-xˆ2 plane, B
〈xˆ1,xˆ2,xˆ3〉
γ1 =
−1 ,B〈xˆ1,xˆ2,xˆ4〉γ1 = −1. For all 1-cubes γ1 along the red
line within xˆ1-xˆ3 plane, B
〈xˆ1,xˆ2,xˆ3〉
γ1 = −1 ,B〈xˆ1,xˆ3,xˆ4〉γ1 =
−1. For all 1-cubes γ1 along the yellow crease line C1,
B
〈xˆ1,xˆ2,xˆ4〉
γ1 = −1 ,B〈xˆ1,xˆ3,xˆ4〉γ1 = −1. these operators form
the set {Oˆ}complex. Since only two operators per γ1 along
the yellow line are excited, one may conclude that energy
density along the yellow line is still 2K. As a result,
energy is uniformly distributed along both yellow and
red lines.
The mobility and deformability of chairons are rela-
tively difficult to be described, in contrast to simple ex-
citations where the integer m is good enough. According
to our discussion on the mobility and deformability of
(1, 2)-type excitations, the two U-shaped segments (i.e.,
red lines in Fig. 7(b)) of a chairon are freely deformable
within the 2D planes where they are located at without
additional energy cost, as long as their lengths stay the
same. But the deformability of the crease line is kind of
unspeakable, as it’s length and shape are both related to
the deformation of the U-shaped segments. As a whole,
the chairon can move along the direction of the crease
line. However, regarding a chairon as an one-dimensional
excitation would be an oversimplification of it’s mobility
and deformability for sure.
2. Yuons of 4 flavors
Except for chairons, we also find another kind of com-
plex excitations in the model-[1, 2, 3, 4], which can be
dubbed as “yuon”, since a yuon is a Y-shaped object
composed of three U-shaped strings, as shown in Fig. 8.
A yuon can be excited by further acting W (S2III) af-
ter applying W (S2I ) and W (S
2
II) in Eq. (8) and Eq. (9),
where S2III = {(n+ 12 , 0, 0,m+ 12 )|m,n = 0, 1, 2, . . . , L−
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(a)A (1, 2)-type excitation (b)A chairon (c)A yuon
FIG. 8. Pictorial comparison among a (1, 2)-type excitation, a chairon and a yuon in the model-[1, 2, 3, 4].
1}. Although no B term along the convergence line would
be excited now, as we’ve already applied 3 operators on
the ground state, three connected U-shaped excitations
will still remain, which forms a yuon. Therefore, the
space that can embed a yuon must be at least four di-
mensional. A schematic comparison among an (1, 2)-type
excitation, a chairon and a yuon in the model-[1, 2, 3, 4]
is given in Fig. 8. Similar to chairons, we find that there
are 4 flavors of yuons in the model-[1, 2, 3, 4].
Since chairons and yuons have already covered all kinds
of intersection of (1, 2)-type excitations, we expect these
two kinds of excitations can be regarded as the most ele-
mentary building blocks for all kinds of complex excita-
tions in the model-[1, 2, 3, 4]. In Sec. IV C, we will discuss
about the model-[1, 2, 3, 5], which has different kinds of
“building blocks”.
E. Excited states with multiple spatially separate
loops in the model-[1, 2, 3, 4]
In the model-[1, 2, 3, 4] discussed here, we may discuss
an excited state with multiple spatially separate loops
each of which has 6 flavor options. Some typical excited
states with two or three loops are listed in Table V. There
are several remarks on this table:
• In pure Abelian topological order, the fusion of two
loops doesn’t depend on where the two loops are
initially located. Case 0 demonstrates the fusion in
a pure Z2 topological order. But in fracton topo-
logical order, Table V shows three different cases
for the two-loop fusion due to the (partial) restric-
tion of mobility and deformability in the model-
[1, 2, 3, 4].
• In Sec. III B, we have studied an excited state with
lineons `x and `y in the 3D X-cube model (i.e.,
the model-[0, 1, 2, 3]). If the two lineons are able
to meet at some point, the fusion output is an-
other lineon labeled by `z that can move along the
straight line that is along z-direction and passes
the intersection point. Nevertheless, in the Case 3,
two loops that are able to meet can only fuse to a
chairon that has a connected non-manifold shape,
rather than another new loop.
• We will see shortly in Sec. IV C, in the model-
[0, 1, 2, 4], two lineons, if located properly, will fuse
into a fracton rather than another lineon.
F. Gravity analog: energy density and spacetime
curvature
In lattice of arbitrary dimension higher than 3, as
our argument doesn’t rely on specific dimensions, we
would expect our results still persist. That is to say,
a [D − 3, D − 2, D − 1, D] model would contain (0, 0)-
type, (0, D−1)-type and (D−3, D−2)-type excitations.
More excitations in [D − 3, D − 2, D − 1, D] models for
D = 3, 4, 5 are listed in Table. II. Moreover, in higher di-
mensional cases, there are similar situations that when we
act FD−2(CD−3) =
∏
γD−2∈SD−2I
σxγD−2
∏
γD−2∈SD−2II
σxγD−2 ,
where SD−2I ∩ SD−2II = ∂SD−2I ∩ ∂SD−2II = CD−3, BlγD−3
terms along CD−3 will be excited for certain l’s. Such a
phenomenon naturally reminds us of gravity, considering
that there are already some works concerning about this
problem. [30, 31] Especially, in the 6-dimensional model
[3, 4, 5, 6], when the scale considered is much larger than
the lattice constant, we would see condensations of flat
closed 4-manifolds in the ground state. When we grad-
ually heat up the system, energy density will rise where
the 4-manifolds curve. Nevertheless, despite the direct
correspondence between curvature and energy density,
the curvature which matters here is extrinsic curvature,
while in general relativity the correspondence is between
intrinsic curvature and stress-energy tensor. As a result,
the relation between our lattice models and gravity is still
vague.
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TABLE V. Typical examples of excited states with spatially separate loops in the model-[1, 2, 3, 4]. The two loops labeled by
(*) are in the same xˆ1-xˆ2 plane; The two loops labeled by (**) are in different xˆ1-xˆ2 planes. Case 1 to Case 4 are two-loop
states in the model-[1, 2, 3, 4], while Case 5 is a three-loop state. “Case 0” is added for comparison, which happens in pure Z2
topological order.
1st loop 2nd loop 3rd loop Sectors Fusion output
Case 0 any position any position × I vacuum
Case 1 (1, 2)xˆ1,xˆ2 (1, 2)xˆ1,xˆ2 (*) × I vacuum
Case 2 (1, 2)xˆ1,xˆ2 (1, 2)xˆ1,xˆ2(**) × Ed intrinsically disconnected
Case 3 (1, 2)xˆ1,xˆ2 (1, 2)xˆ1,xˆ3 × Ec : chairon
Case 4 (1, 2)xˆ1,xˆ2 (1, 2)xˆ3,xˆ4 × Ed intrinsically disconnected
Case 5 (1, 2)xˆ1,xˆ2 (1, 2)xˆ1,xˆ3 (1, 2)xˆ1,xˆ4 Ec : yuon
IV. GENERAL CONSTRUCTION OF LATTICE
MODELS
A. Lattice Hamiltonians
As our previous sections demonstrated, we can pro-
mote (0, 1)-type excitations to (i, i + 1)-type excitations
by lifting the dimensions of all the n-cubes where spins
and other operators are located at by i. Naturally, one
may be curious about, if it’s possible to define spins and
operators on different kinds of n-cubes, without any re-
dundant constraints? To deal with this problem, we come
up with a further generalization procedure. In this pro-
cedure, the dimension of the objects on which the opera-
tors and spins are defined, can be adjusted independently.
Since we are focusing on fracton models, other than the
dimensions of spins, lower-dimensional cube operators,
higher-dimensional cube operators and the total space,
we also need the dimension of leaf spaces to specify such
a model. For instance, for the X-cube model, we have
spin dimension ds = 1, lower-dimensional cube operator
dimension dn = 0, higher-dimensional cube operator di-
mension dc = 3, space dimension D = 3 and leaf dimen-
sion dl = 2. Generally, it seems that we need five dimen-
sion indexes [dn, ds, dl, dc, D] to specify a member in the
model “family”. Given such a 5-tuple [dn, ds, dl, dc, D],
the Hamiltonian of the corresponding member model is:
H[dn,ds,dl,dc,D] = −J
∑
{γdc}
Aγdc −K
∑
{γdn}
∑
l
Blγdn ,
(10)
where the definition of the terms is given below:
• A Blγdn term is the product of z-components of
the 2ds−dn
(
dl−dn
ds−dn
)
spins whose coordinates are ob-
tained by shifting (ds−dn) coordinates of γdn along
the directions in Clγdn by ± 12 . Here Clγdn ≡ L∩Ciγdn .
• An Aγdc term is the product of x-components of the
2dc−ds
(
dc
dc−ds
)
spins whose coordinates are obtained
by shifting (dc − ds) coordinates of γdc along the
directions in Chγdc by ± 12 .
Take the model-[1, 2, 3, 4] as an example. For a given
γ1 = (0, 0, 0,
1
2 ), we can see that Ci(0,0,0, 12 ) = {xˆ1, xˆ2, xˆ3},
while Ch
(0,0,0, 12 )
= {xˆ4}. For the 3 leaf spaces 〈xˆ1, xˆ2, xˆ4〉,
〈xˆ1, xˆ3, xˆ4〉 and 〈xˆ2, xˆ3, xˆ4〉 associated with (0, 0, 0, 12 ),
we have C〈xˆ1,xˆ2,xˆ4〉
(0,0,0, 12 )
= {xˆ1, xˆ2}, C〈xˆ1,xˆ3,xˆ4〉(0,0,0, 12 ) = {xˆ1, xˆ3}
and C〈xˆ2,xˆ3,xˆ4〉
(0,0,0, 12 )
= {xˆ2, xˆ3} respectively, so we can ob-
tain the Bl
(0,0,0, 12 )
as in Eq. (7). Similarly, for the 4-
cube ( 12 ,
1
2 ,
1
2 ,
1
2 ), A( 12 ,
1
2 ,
1
2 ,
1
2 )
can be simply obtained as in
Eq. (6).
In the following part of this section, we will use Sc to
refer to the set of the nearest spins of the dc-cube c, Sn to
refer to the set of the nearest spins of the dn-cube n, and
Sln to refer to the set of the nearest spins of the dn-cube n
inside the dl-dimensional leaf space l (here l is associated
with n). Apparently, then we have ∪
l
Sln = Sn.
Though we are trying to make the choice of different di-
mension indexes independent to each other, we still need
to respect some orders of the dimensions. Firstly, we
find that dn and dc can’t be equal to ds, otherwise the
cube operators would be trivialized. Besides, according
to the dimension order of X-cube model, we expect dn
to be smaller than ds while dc should be larger than ds.
Furthermore, dl > ds, dl < D and dc ≤ D are obviously
required. However, it should be noted that the condition
ds is between dc and dn is not really necessary in defining
an exactly solvable fracton order model. For simplicity,
we will focus on cases where the condition is satisfied in
this article.
Since we expect our models to be exactly solvable, we
require every higher dimensional cube operator shares
even or zero number of nearest spins with any lower di-
mensional cube operator. Since lower dimensional cube
operators are embedded in different leaf spaces, this con-
dition means that∣∣Sln ∩ Sc∣∣ mod 2 = 0 ∀l, n, c. (11)
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Acccording to the symmetry of the cubic lattice,
we can calculate
∣∣Sln ∩ Sc∣∣ for any pair of nearest
γdn and γdc in the lattice. Therefore, we only
need to consider the number of spins shared by
γdc c1 = (
1
2
,
1
2
, . . . ,
1
2︸ ︷︷ ︸
dc
, 0, 0, . . . , 0︸ ︷︷ ︸
D−dc
) and γdn n1 =
(
1
2
,
1
2
, . . . ,
1
2︸ ︷︷ ︸
dn
, 0, 0, . . . , 0︸ ︷︷ ︸
D−dn
). Apparently, for a spin s1 that is
nearest to both c1 and n1, the first dn coordinates of s1
must be 12 and the last (D − dc) coordinates must be 0,
only the values of the (dc−dn) coordinates in the middle
are variable.
To calculate
∣∣Sln ∩ Sc∣∣, we only need to care about
the uncertain middle part of the coordinates of s1,
which is composed of (dc − dn) numbers. Each subse-
quence consists of these (dc − dn) numbers with (ds −
dn) digits being
1
2 and the others being 0 corresponds
to a spin which is simultaneously nearest to c1 and
n1. As a result, a shared spin will take the form
s1 = (
1
2
,
1
2
, . . . ,
1
2︸ ︷︷ ︸
dn
, . . .︸︷︷︸
dc−dn
, 0, 0, . . . , 0︸ ︷︷ ︸
D−dc
). For leaf l associ-
ated with n1, which contains α directions with uncer-
tain coordinates (i.e. in the middle part of s1), we have∣∣Sln1 ∩ Sc1∣∣ = ( αds−dn). However, as we expect the parity
of
∣∣Sln1 ∩ Sc1∣∣ to be independent of the choice of leaf, α
should be insensitive to the choice of leaf space, which
means all leaves must have the same number of uncer-
tain digits (here we ignore the case where the change
of α doesn’t influence the parity of
∣∣Sln1 ∩ Sc1∣∣ for sim-
plicity). Therefore, the last part of sequence s1 =
(
1
2
,
1
2
, . . . ,
1
2︸ ︷︷ ︸
dn
, . . .︸︷︷︸
dc−dn
, 0, 0, . . . , 0︸ ︷︷ ︸
D−dc
) must vanish, i.e. D − dc
must be 0. Then we have α = dl − dn ∀ l. And the
exactly solvable condition is just∣∣Sln ∩ Sc∣∣ mod 2 = (dl−dnds−dn) mod 2 = 0 (12)
together with
dn < ds < dl < dc = D. (13)
Since then, we only need a 4-tuple [dn, ds, dl, dc] (or
[dn, ds, dl, D]) to specify an exactly solvable model.
B. Family tree
Based on our 4-tuple notation of models, we can un-
derstand the actual meaning of the label “[0, 1, 2, 3]” of
X-cube model. With such a notation manner, we can eas-
ily obtain that X-cube is the simplest model in this series.
As a result, we can use it as the starting point of a “fam-
ily tree” of the generalized models, which is depicted in
Fig. 1. As an example of the novel properties of the mod-
els on the tree, we will demonstrate that there are new
kinds of complex excitations in [D − 4, D − 3, D − 2, D]-
type of models in the next subsection. Here we would like
to give a preliminary description of the ground states and
energy spectrum of the models on the tree.
Because the Hamiltonian of a general model is similar
to [D−3, D−2, D−1, D] model, which is given in Eq. (4),
the ground states of a general model will obey a set of
conditions of the following form:
Aγdc |φ〉 = |φ〉, Blγdn |φ〉 = |φ〉 ∀ γdc , γd−n, l. (14)
As always, with the σz-basis, we can see that every con-
figuration is an eigenvector of an arbitrary B operator,
and the total Hilbert space can be spanned by all the con-
figurations. Furthermore, the B conditions in Eq. (14)
require the eigenvalue of any B operator for all config-
urations in a ground state to be 1. That is to say, for
any γdn in a ground state configuration, either of the
following conditions must be satisfied:
• No nearest spin is altered;
• For each pair of nearest spins linked by the γdn ,
there is exactly one spin of the pair being altered
(for models where ds − dn ≥ 2 a “pair” should be
promoted to a set of 2ds−dn spins).
Then, the A condition in Eq. (14) can be seen as re-
quiring all the ground state configurations which can be
transformed to each other by acting A operators share
the same weight. Therefore, we can find that the unique
ground state of a general model with open boundary con-
ditions is |Φ〉 = ∏
γdc
1+Aγdc√
2
| ↑↑↑ . . . ↑〉, where | ↑↑↑ . . . ↑〉
refers to the reference state. Besides, please note that
here the form of Aγdc also implicitly depends on ds. With
periodic boundary condition, the ground states of the
tree models are expected to be degenerate. We’ve found
signs that suggest the ground state degeneracy of these
models may be more complicated that the known subex-
tensive growth. Relevant results will be involved in our
future work Ref. [87].
For models on the family tree (see Fig. 1), all simple
excitations can be classified into two classes: (dn, ds)-
type excitations and (0, 0)-type excitations. Moreover,
since segments of complex excitations can be regarded as
the convergence of several (dn, ds)-type excitations, and
the energy density along the segments can be determined
by the number of converged (dn, ds)-type excitations, we
only need to consider the energy cost of such conver-
gences to determine the energy cost of a complex excita-
tion. As in Sec. III C, here we can conclude the data of
the most important simple excitations in a general model
as below:
• Aγdc = −1 excitations, (0, 0)-type, generated by∏
γds∈Ddc−ds
σzγds . The excitations sit on the vertices
of the Ddc−ds .
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• Blγdn = −1 excitations, (dn, ds)-type, generated by∏
γds∈Sds
σxγds . The excitations sit on the boundary
of Sds .
As for the energy cost, simply we can find that the
energy cost of such a (0, 0)-type excitation is always J ,
so the energy cost of different groups of fractons are re-
spectively 2J , 4J , . . . , 2dc−ds−1J . Most of the groups are
fractons, except for the last one which are (0, ds+1)-type
excitations (or disconnected excitations).
The spectrum of convergences of (dn, ds)-type excita-
tions (i.e. segments of complex excitations) is more dif-
ficult to calculate. Generally, for a specific γdn n1, we
can find that the number of excited Bln1 operators is de-
termined by the number of pairs of spins around the n1
which contain exactly one altered spin. For simplicity,
such a pair will be regarded as “excited”. Therefore, we
can label a convergence of (dn, ds)-type excitations at n1
as an i-convergence, where i is the number of excited
pairs linked by n1. As an i-convergence always has the
same energy as a (
(
dl−dn
ds−dn
)− i)-convergence, we only need
to consider i ≤ b (
dl−dn
ds−dn)
2 c in this article. Since there are(
dc−dn
ds−dn
)
pairs of spins linked by a given γdn , and a leaf
always contains
(
dl−dn
ds−dn
)
such pairs, we can see that the
energy cost of an i-convergence is just the number of dif-
ferent combinations of
(
dl−dn
ds−dn
)
pairs (i.e. leaves) which
contain odd number of excited pairs. For a given i we
can find that there are
∑b i−12 c
x=0
(
i
2x+1
)( (dc−dnds−dn)−i
(dl−dnds−dn)−2x−1
)
such
combinations, so the energy cost of an i-convergence on
a γdn is:
Ei =
b i−12 c∑
x=0
(
i
2x+ 1
)( (dc−dn
ds−dn
)− i(
dl−dn
ds−dn
)− 2x− 1
)
K. (15)
For instance, we can consider the the model-[1, 2, 3, 5].
Since
(dl−dnds−dn)
2 =
5
2 ≥ 2, there is only one kind of con-
vergences of (1, 2)-type excitations need to be discussed,
that is the 2-convergences. For instance, ( 12 , 0, 0, 0, 0)
links 4 pairs of spins, ( 12 ,± 12 , 0, 0, 0), (12 , 0,± 12 , 0, 0),
( 12 , 0, 0,± 12 , 0) and (12 , 0, 0, 0,± 12 ), while a leaf like〈x1, x2, x3〉 contains two of such pairs. So we can find that
of the
(
5−1
3−1
)
= 6 kinds of possible combinations of pairs,
there are
∑b 2−12 c
x=0
(
2
2x+1
)( (5−12−1)−2
(3−12−1)−2x−1
)
= 4 combinations
that contain odd number of excited pairs, so there are
4 Bl
( 12 ,0,0,0,0)
terms being excited. Such a 2-convergence
can exist as a segment of a complex excitation (β-chairon,
see Sec. IV C) in the model-[1, 2, 3, 5], and its energy cost
is proportional to its length. More excitations in the
model-[1, 2, 3, 5] is given in Table. VII.
C. Simple excitations in the model-[0, 1, 2, 4] and
[1, 2, 3, 5]
In this subsection, we will take the two models
“[0, 1, 2, 4]” and “[1, 2, 3, 5]” on the family tree to exem-
plify the novel properties of models outside the [D−3, D−
2, D − 1, D] series.
Let’s start with the model-[0, 1, 2, 4]. It’s easy to check
that, unlike the model-[1, 2, 3, 4], the model-[0, 1, 2, 4]
doesn’t contain any spatially extended excitations, which
makes its spectrum much simpler. As in the X-cube
model, (0, 1)-type excitations, i.e., lineons, are gener-
ated at the ends of straight string operators consisted
of σx’s, and fractons are generated at the corners of cube
(i.e. D3) operators consisted of σz’s. However, there
is indeed something exotic in the model-[0, 1, 2, 4]: for
example, since the model is defined on a 4-dimensional
lattice, the convergence of two straight strings can only
dual to another convergence, so the 2-convergence be-
comes a fracton. While in X-cube model, since there is a
duality between plaquettes and links, the point-like exci-
tation at such a convergence can be moved along the line
perpendicular to the convergence. In some sense, due to
the higher space dimension, a kind of lineons in [0, 1, 2, 3]
model are frozen in the model-[0, 1, 2, 4]. Let us point
out some key properties of lineons and fractons in the
model-[0, 1, 2, 4] summarized in Table VI:
• All topological non-trivial excitations in [0, 1, 2, 4]
are point-like (here excited states composed of dis-
crete points are also recognized “point-like”), be-
longing to Es or Ed sectors.
• In contrast to [0, 1, 2, 3], fractons can be formed by
either flipping A or B stabilizers. There are one
kind of fractons labeled by A, but there are six
kinds of fractons labeled by B stabilizers due to
the six different leaf space indices `9.
• Two lineons can fuse into a fracton. There are
four types of lineons that can move along parallel
straight lines of xˆ1, xˆ2, xˆ3, xˆ4 orthogonal directions.
Picking two different types of lineons from four (to-
tally 6 choices), if the two straight lines where the
two lineons can move intersect at some point, the
two lineons fuse into a fracton with flipped stabi-
lizers Blγ0 where leaf space indices ` exactly have
6 corresponding choices. In Sec. III B, we have re-
viewed that, in the model-[0, 1, 2, 3], the fusion out-
put of two lineons if they can meet from orthogonal
directions is, however, another lineon.
Then we consider the the model-[1, 2, 3, 5]. The Hamil-
tonian of [1, 2, 3, 5] is:
H[1,2,3,5] = −J
∑
{γ5}
Aγ5 −K
∑
{γ1}
∑
l
Blγ1 . (16)
9 See the “Example 2” in Sec. II B.
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TABLE VI. Typical examples of excitations in the model-[0, 1, 2, 4].
Excitations Sectors Flipped stabilizers Creation operators
fracton: (0, 0) Es Aγ4
∏
γ1∈D3
σzγ1
lineon: (0, 1) Es Blγ0
∏
γ1∈S1
σxγ1
connected planeon: (0, 2) Es Aγ4
∏
γ1∈D11
σzγ1
fracton: (0, 0) Es Blγ0
∏
γ1∈S1I
σxγ1
∏
γ1∈S1II
σxγ1 , where ∂S
1
I ∩ ∂S1II = C0 6= ∅
disconnected planeon Ed Aγ4
∏
γ1∈D3
σzγ1
FIG. 9. A β-chairon in the model-[1, 2, 3, 5]. As in Fig. 6,
here the grey plaquettes refer to spins on which a W (S2) is
applied. The energy density along red lines is lower than the
yellow line, according to our analysis in Sec. IV D. That is to
say, energy is ununiformly distributed for a β-chairon.
The simple excitations in the model-[1, 2, 3, 5] are
mostly the same as in [1, 2, 3, 4], except the mobility of
groups of fractons. As basic fractons are located at the
vertices of D3’s now, pairs of fractons at the vertices of
D22’s become (0, 0)-type excitations, while the tetrads of
fractons at the vertices of D12’s belong to (0, 3)-type.
10
Similar to Sec. III C, here we can classify the (1, 2)-type
excitations W (S2) in the model-[1, 2, 3, 5] into
(
5
2
)
= 10
flavors, according to the plane (i.e. xˆ1-xˆ2, xˆ1-xˆ3, xˆ1-
xˆ4, xˆ1-xˆ5, xˆ2-xˆ3, xˆ2-xˆ4, xˆ2-xˆ5, xˆ3-xˆ4, xˆ3-xˆ5, xˆ4-xˆ5 )
where S2 is located at. Generally, when we act a W (S2)
on the ground state, where S2 is located at a xˆi-xˆj
plane, then at a γ1 along the boundary of S
2, eigen-
values of B
〈xˆi,xˆj ,xˆk〉
γ1 , B
〈xˆi,xˆj ,xˆh〉
γ1 and B
〈xˆi,xˆj ,xˆp〉
γ1 will be
flipped. Here i, j, h, k, p ∈ {1, 2, 3, 4, 5}, and i, j, h, k, p
are all different from each other. For instance, by acting
W (S2I ) on the ground state, where S
2
I = {(n + 12 ,m +
1
2 , 0, 0, 0)|m,n = 0, 1, 2, . . . , L − 1}, for an arbitrary γ1
along the boundary of S2I , the eigenvalue of B
〈xˆ1,xˆ2,xˆ3〉
γ1 ,
B
〈xˆ1,xˆ2,xˆ4〉
γ1 and B
〈xˆ1,xˆ2,xˆ5〉
γ1 will be flipped. As a result,
10 See the “Example 3” in Sec. II B for an introduction to the leaves
in model-[1, 2, 3, 5].
we obtain that the energy cost of a string excitation in
the model-[1, 2, 3, 5] is 3KL, where L is the length of the
string. More information of the excitations in the family
tree models are summarized in Table. VI and Table. VII.
D. Complex excitations in the model-[1, 2, 3, 5]
(“chairon”, “cloverion” and “xuon”)
As in the model-[1, 2, 3, 4], we can find a series of com-
plex excitations as building blocks of general complex
excitations in the model-[1, 2, 3, 5]. Some typical exam-
ples are collected in Table VII. At first, if we further ap-
ply W (S2II) after W (S
2
I ) (W (S
2
I ) is given in the previous
subsection), where S2II = {(n + 12 , 0,m + 12 , 0, 0)|m,n =
0, 1, 2, . . . , L−1}, we will have a chairon excitation, which
is schematicly presented in Fig. 9. Though the shape
of the chairon is the same as in the model-[1, 2, 3, 4],
at ( 12 , 0, 0, 0, 0) ∈ ∂S2 ∩ ∂S2II , now we have B〈xˆ1,xˆ2,xˆ4〉( 12 ,0,0,0,0),
B
〈xˆ1,xˆ2,xˆ5〉
( 12 ,0,0,0,0)
, B
〈xˆ1,xˆ3,xˆ4〉
( 12 ,0,0,0,0)
and B
〈xˆ1,xˆ3,xˆ5〉
( 12 ,0,0,0,0)
being flipped. As
now there are 4 flipped B terms at ( 12 , 0, 0, 0, 0), we can
find that unlike in the model-[1, 2, 3, 4] or pure topolog-
ical order, here the energy is distributed along the exci-
tation unevenly. As a result, we can name the chairon
in the model-[1, 2, 3, 4] as α-chairon, and the chairon in
the model-[1, 2, 3, 5] as β-chairon, to stress their different
distributions of energy. More generally, different types of
chairons can be distinguished by the number of flipped
stabilizers along the excitation: if the number is a con-
stant, then we call it an α-chairon. Otherwise, it’s a β-
chairon. Again, by counting the possible combinations of
different dimensions, we find that there are
(
5
1
)×(42) = 30
flavors of β-chairons in the model-[1, 2, 3, 5].
Furthermore, by acting W (S2III) after W (S
2
I ) and
W (S2II), where S
2
III = {(n + 12 , 0, 0,m + 12 , 0)|m,n =
0, 1, 2, . . . , L− 1}. For γ1 = ( 12 , 0, 0, 0, 0) ∈ ∂S2I ∩ ∂S2II ∩
∂S2III , we will haveB
〈xˆ1,xˆ2,xˆ5〉
( 12 ,0,0,0,0)
, B
〈xˆ1,xˆ3,xˆ5〉
( 12 ,0,0,0,0)
andB
〈xˆ1,xˆ4,xˆ5〉
( 12 ,0,0,0,0)
being excited, that is to say, the 3 W (S2) operators gen-
erate a complex excitation with more complicated topol-
ogy than β-chairon. But here the energy density along
the excitation is uniform. Since the projection of the ex-
citation onto a 2D plane has three “petals”, this kind of
excitations can be dubbed as “cloverions”. Analogous to
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TABLE VII. Typical examples of excitations in the model-[1, 2, 3, 5].
Excitations Sectors Flipped stabilizers Creation operators
(0, 0) Es Aγ5
∏
γ2∈D3
σzγ2
(1, 2) Es Blγ1
∏
γ2∈S2
σxγ2
connected volumeon (0, 3) Es Aγ5
∏
γ2∈D12
σzγ2
β-Chairon Ec Blγ1
∏
γ2∈S2I
σxγ2
∏
γ2∈S2II
σxγ2 , where ∂S
2
I ∩ ∂S2II = C1 6= ∅
Cloverion Ec Blγ1
∏
γ2∈S2I
σxγ2
∏
γ2∈S2II
σxγ2
∏
γ2∈S2III
σxγ2 , where
∂S2I ∩ ∂S2II ∩ ∂S2III = C1 6= ∅
Xuon Ec Blγ1
∏
γ2∈S2I
σxγ2
∏
γ2∈S2II
σxγ2
∏
γ2∈S2III
σxγ2
∏
γ2∈S2IV
σxγ2 ,
where ∂S2I ∩ ∂S2II ∩ ∂S2III ∩ ∂S2IV = C1 6= ∅
disconnected volumeon E
d Aγ5
∏
γ2∈D3
σzγ2
the β-chairon, we can obtain that there are
(
5
1
)×(43) = 20
flavors of cloverions in the model-[1, 2, 3, 5].
But unlike the model-[1, 2, 3, 4], here we can further
apply W (S2IV ) to obtain an extra kinds of complex ex-
citations, where S2IV = {(n + 12 , 0, 0, 0,m + 12 )|m,n =
0, 1, 2, . . . , L − 1}. All B operators associated with
( 12 , 0, 0, 0, 0) are unflipped by the W (S
2
IV ) now, but four
U-shaped strings generated by the four W (S2) operators
will compose a complex excitation of a new kind. This
kind of complex excitations can be dubbed as “xuon”, as
it is an X-shaped object consisted of 4 U-shaped strings.
Obviously, there are only
(
5
1
)
= 5 flavors of xuons in
the model-[1, 2, 3, 5]. A schematic comparison between
β-chairons, cloverions and xuons is given in Fig. 10.
Except for [1, 2, 3, 5] and other two 5D models on the
family tree (see Fig. 1)), we also have [0, 1, 4, 5], [0, 2, 4, 5]
and [0, 3, 4, 5] models that are exactly solvable. Some
representative excitations in more 5D models are listed
in Table. VIII.
V. CONCLUDING REMARKS
In this article, we’ve demonstrated that various kinds
of novel excitations can be constructed in a large class
of exactly solvable models of fracton topological order,
like spatially extended excitations with restricted mobil-
ity and deformability, which unveils an intriguing sce-
nario of interplay of topology and geometry in fracton
order.
There are several future directions related to fracton
physics of spatially extended excitations.
1. For instance, it is worth to examine more exactly
solvable instances that are outside the family tree, like
[0, 1, 4, 5], [0, 2, 4, 5], [0, 3, 4, 5] model in 5D, and other
12 6D models, and discuss their properties, e.g., exotic
complex excitations, fusion rules, entanglement entropy,
and effective field theory.
2. As we’ve discussed in the main text, it is also inter-
esting to explore the relation between geometry in fracton
order and curved space caused by gravity.
3. By noting that volumeons denoted by (0, 3) can
be constructed in some models of 4D or higher dimen-
sions, one may conjecture that our universe may have
extra dimensions while elementary particles in the Stan-
dard Model are in fact volumeons that are actually re-
stricted inside our 3D visible space. In this sense, it is
very interesting to construct a higher dimensional lattice
models that support volumeons which are massive Dirac
fermions! Moreover, the relationship between the exis-
tence of complex excitations and the type of the order is
also an exciting question.
4. Finally, it is also interesting to study self-
localization theory of spatially extended excitations with
different degrees of mobility and deformability restric-
tion.
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FIG. 10. Pictorial comparison among a β-chairon, a cloverion and a xuon in the model-[1, 2, 3, 5]. The crease line with higher
energy density in β-chairon is highlighted with purple.
